ASYMPTOTIC SOLUTIONS OF CERTAIN LINEAR
DIFFERENTIAL EQUATIONS IN WHICH THE
COEFFICIENT OF THE PARAMETER
MAY HAVE A ZERO*

BY
HENRY SCHEFFE

CHAPTER I. THE GIVEN EQUATION
1. Introduction. Equations of the type
dru d~u a~u

+ 21(2) + 12(2)

dz" dz" 1 dzn?

+ o+ {pa(d) — o@D fu = 0

have been studied by various mathematicians, including Birkhoff,t Schlesin-
ger, and Horn, with regard to the asymptotic forms of the solutions for large
complex values of the parameter p. The second-order case goes back to
Liouville. The essential differences between the present treatment and pre-
vious treatments of the nth-order case are the following:

(1) Before this it has been necessary to assume the coefficient ¢*(z) to
be bounded from zero. We permit it to have a zero of any integral order ».

(2) The variable z has been confined to a finite interval of the real axis.
We allow it to vary over complex values in a finite region.

(3) In order that the forms be valid for all p in the neighborhood of
p=, it has been necessary to require that the coefficient ¢7(z) be real,
except possibly for a constant imaginary factor. We dispense with this
restriction.

Besides proving the existence of solutions asymptotic to # simple inde-
pendent expressions, we consider the following problem arising from the
first of the above generalizations: What is the form of a solution determined
by boundary values at the point where the coefficient ¢*(z) has its zero?
At a point where ¢(2) is different from zero the problem becomes elementary,
since it is always possible to find a non-singular matrix of simple forms for »
solutions and their first #— 1 derivatives which is valid in some neighborhood.
including the point. But in our case the simple forms are nof valid at the
zero. The problem is complicated by the Stokes phenomenon, that is, the dis-
continuity, as a solution is taken across a “Stokes line,” of the coefficients

* Presented to the Society, April 20, 1935; received by the editors July 3, 1935.

t Birkhoff, On the asymptotic character, etc., these Transactions, vol. 9 (1908), p. 219, which
contains references to the work of the other mathematicians mentioned above.
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(hereafter called “Stokes multipliers”) that multiply the simple forms in the
asymptotic expression of the solution.

The case for n =2 has been studied by Langer.* Applications of his work
not only have led to new results for some of the classical equations of physics
(Bessel,* Weber,t Hermite,t Mathieuf) but are of importance in quantum
physics.§ Mathematically, perhaps the most alluring aspect of the problem
is the Stokes phenomenon. In going to the nth-order case it is then of interest
to discover how the quantitative dependence of the Stokes multipliers on »
and how the location of the Stokes lines generalize.

Langer was able to obtain a “related equation” solvable by Bessel func-
tions and thus utilize the classical knowledge of their asymptotic properties.
Because of the apparent lack of a suitable standard equation of the nth
order for which the Stokes multipliers for the principal solutions are known,
a considerable part of the work lies in developing this necessary adjunct. A
feature of interest is the way in which the multipliers are found, by use of the
Stokes formula. In his letter| in the Abel memorial edition of the Acta
Mathematica, Stokes forecasts the general applicability of this method of
finding the multipliers for solutions appropriately expressible as power series
with gamma function coefficients. The labor of calculating formal solutions
at o would be’lessened in such cases, since the formula yields the leading
terms, and the existence of true solutions asymptotic to the formal solutions
could then be predicated upon one of the fundamental papers in that field.

2. Canonical form. We assume the equation to be treated has undergone
preliminary transformations leaving it in normal form and transferring the
zero of ¢*(2) to the origin. The given equation

* Langer, On the asymptotic solutions, etc., these Transactions, vol. 33 (1931), p. 23, and vol. 34
(1932), p. 447. In the former article, but not the latter, z is restricted to real values. The region of
validity R, need not be finite and » need only be positive, where ¢*(2) = (z—2,)"$1"(z) and ¢,*(2) is
analytic and bounded from zero in R,. See also his symposium article, The asymptotic solutions, etc.,
Bulletin of the American Mathematical Society, vol. 40 (1934), p. 545, which contains further
references to his work.

t N. Schwid, The asymptotic forms of the Hermite and W eber functions, these Transactions, vol. 37
(1935), p. 339. '

t Langer, The solutions of the Mathieu equation, etc., these Transactions, vol. 36 (1934), p. 637.

§ Birkhoff, Quantum mechanics and asymptotic series, Bulletin of the American Mathematical
Society, vol. 39 (1933), p. 681.

|| Stokes, On the discontinuity of arbitrary constants, etc., Acta Mathematica, vol. 26 (1902),
p. 393.

9 Trjitzinsky, Analytic theory of linear differential equations, Acta Mathematica, vol. 62 (1933),
p. 167, treats the subject with the greatest generality. The pioneer article is by Poincaré, Sur les
intégrales irréguliéres des équations linéaires, Acta Mathematica, vol. 8 (1886), p. 295. Important ad-
vances were made by Horn, Birkhoff.
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(1) w™(z0) + 0+ pa(2)u2(z, 0) + - - - + {pa(2) — p76"(2) }ulz, p) = 0
is then subject to five hypotheses:

(i) R. is a finite, closed, simply connected region, containing z=0 as in-
terior point.

(ii) The coefficients ¢*(z) and pi(2), j=2, 3, - - -, n, are analytic in R..

(i) Tke coefficient ¢ (z) is of the form z’¢P (2), where v is a positive integer
or zero, and ¢ (3) #0 in R,.

Hypothesis (iv), given in §5, implies a further restriction on the coefficient
¢~(z), while (v), which is most conveniently stated in §8, further qualifies
the region R,.

CHAPTER II. AN IMPORTANT SPECIAL CASE

3. The t-equation: two sets of solutions. The simplest possible equation
of the type (1) is

n

dx™

y(x> P) - P"x"y(x, P) = O,

and we shall consider this first. However, we shall find that the treatment
of the general case can be based directly on the results for this special case.
It is preferable to study the simpler transform

n

@ d»

y(&) = #y(®) =0,

which we shall designate the #-equation, and which we shall later force to
serve as our standard equation of the nth order. The transformation to the
t-equation is achieved by the substitution

x = p~"/7t,
where

p=n-+v.

Power series for that set of solutions of (2) which is principal at the

origin were obtained by an elegant method by M. H. Molins* in 1876; they
are also easily found by the usual method. The seriest

* Mémoires de ’Académie des Sciences, Inscriptions et Belles-Lettres de Toulouse, (7), vol. 8
(1876), p. 167.
t If this formula becomes indeterminate at =0 we define ;™) (0)=lim,.o y;)(t). We use the
notation
@m=al@a—1)a—2)---(a—m+1) (m=1,2,3--:); (a)o=1.

Note (§)»=0 if j is an integer <m.
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i 2 Up+ n
yim (@) = - (f)m’I‘Z_EP‘_—Z)_‘M G,m=0,1,---,n—1)
N TI G+
k=1

for the principal solutions and their derivatives converge for all &.

For later use it is desirable to express the coefficients of these power
series as quotients of gamma functions. It is also of subsequent advantage to
study the solutions of the f-equation on a &-plane by means of the mapping

- ,_ (% E)n/p.

In the &-plane it is necessary to construct a Riemann surface with branch
point at the origin, appropriate to the single-valued representation of arg &.
It will suffice to employ the sector

@) —0l sargt =0~
n n

Q is an even integer whose definition is conveniently postponed to §5; we
may remark, however, that there is always more than one sheet.
The functions*®

(5) yi(m)(t) = aimaim(s)’
where
)’
oim(®) = prmmirys — " :
ST T A A + 1)

=0
j—1 {1,i<m,
P 0, 2=2m,

)\iim =

Qjm = pnity m) [ pyn(m—i)Ipg.

* The following remarks apply to formulas (5) et seq.

(1) If m>j one of the gamma functions in the denominator of the term for /=0 is infinite, and
the term is then defined to be zero, thus removing the apparent singularity.

(2) In this and all subsequent formulas involving a real positive constant to a real power, the
real positive value is to be used.

(3) For purposes of calculation it might be desirable when » <7 —1 to replace the » gamma func-
tions in the denominator by » gamma functions of the same type in the numerator and a single
gamma function in the denominator. This is possible by applying the multiplication theorem of
Gauss. See Whittaker and Watson’s Modern Analysis, §12- 15, or Nielsen’s Handbuck der Theorie der
Gammafunktion, §6.
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and

1 n—1

ki = It + 1),

J: i=0
are then single-valued* at every point of the ¢-surface (4). Furthermore,
although under the transformation (3), corresponding to some point ¢ there
may be several points on the £-surface, all with the same absolute value but
with arguments differing by integral multiples of 27p/#, the value of y;(™ (¢)
calculated from the formula (5) is the same for all these points &.

The series (5) in ascending powers of £ converge very slowly for large £.

It is therefore natural to seek series in descending powers to satisfy the
t-equation. Let wy, w1, - * -, w,—1 be the nth roots of unity, and define

n—1
2

Then by formally differentiating the series

Al bror . broz )
sk(t)=$vﬂ/l’{l+T+?+."} (k=0,1,---,n—1)

with respect to ¢,

m _ m ? mvlp ewk€ bkml bkm2
(6) S )(t) = @k <—1¢—) Ev(ﬂ—M)/P{l + £ + £2 +o }

(m=0)1y"';n)7

and substituting in the #-equation, one finds that the constants bxo can be
successively determined and are unique. However, the series (6) are in gen-
eral divergent and are hence called formal solutions.

Beginning with Poincaré’s famous paperf in the Acta Mathematica in
1886, and culminating in a recent paper by Trjitzinsky] in the same journal,
much progress has been made on the problem of showing that true solutions
of a linear differential equation exist which under certain conditions are
asymptotic to the formal solutions. The latter writer shows that for a very
inclusive class of equations the neighborhood of © can be completely covered
by a finite number of regions, associated with each of which there exists a
full set of true solutions uniformly asymptotic in the region to the formal
solutions.

* It is to be understood here and hereafter that if arg Z is specified, the value to be chosen for
arg Z#, preal,isparg Z.

t Loc. cit.
t Loc. cit.
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It now becomes necessary to digress for a moment in order to subdivide
the ¢-surface. The rays L, from the origin,

™

L,: arg&:H,Ef— (7-=O’_'|_'l,i'2’~..’iQ)’
n

divide it into 2Q sectors S,

S, 0,1 < arg ¢ < 6., -Q0+1=7r=290

Although the system of S-sectors suffices for most of the discussion, a differ-
ent system of sectors covering the &-surface is required to simplify the state-
ment of our final results: Each of the rays L,.;1, ¢ integral, —Q <2¢+1<0Q,
is inclosed in a sector D, ;1 whose central angle 26 is small compared
with 7/n,

Dy g1t 02041 — 0 = arg £ = O2q41 + 6.

The region between two successive D-sectors, and having as its bisector the
line Ly, ¢=0, +1, +2, - - -, £(Q/2—1), is denoted by T,

T, B2001 + 6 < arg £ < Oagyr — 0.
The “left-over” regions are then called T'g/2 and T—_¢s,
Tq: fo-1 1+ 6 =< arg £ = 6o,
T_gqpe: g =argé= 0_0.,..1 —d.

All the S, D, and T regions are closed except at £= .
The fundamental theorem® of Trjitzinsky’s paper applied to the f-equa-

tion insures the existence of true solutions and their #-derivatives, {.5:(¢)},
kE,m=0,1, - - -, n—1, analytic in ¢, such that

(7 FE(8) ~ s (2)
uniformly with respect to £ for £ in .S;, that is,
P mv/p ewkf bkml bk,m.u—l 7bkmu(g)
5. (m) —_ m{ = —_ “ ..
K™ (8) it (n> Ev(ﬂ—m)/l){l + £ + + gt + & },

where | brmi(§)| <M, for |£| =N, £in S, 0=1,2,3, - -.

4. The Stokes multipliers. Corresponding to a region S, the subscripts &
of the nth roots of unity {w:} can be arranged so that the following ordering
of the real parts of {wi£} is maintained for £ in S,:

* Loc. cit., p. 208. For n>>2 our regions S; are identical with Trjitzinsky’s regions R; and require
no further subdivision into regions R/ and R;"’ For n=2 the Trjitzinsky regions R; consist each of
two of our quadrantsS,, but in this case subdivision is necessary into R! and R;”, each of which
may be taken as'a quadrant Si.



1936] LINEAR DIFFERENTIAL EQUATIONS 133

R(wof) 2 R(w §) = « - - ZR(wa1f).

We shall call .3, the dominant solution and ,#, the first sub-dominant solution
in S.. The actual values of w, and w, for each of the regions S, are given in
the table at the end of this section.

Between the solutions {,§x} and the principal solutions {y;} a non-
singular linear relationship must exist,

n—1

(®) Yi = 2 1Cik Tk
k=0
It is of the greatest importance for us to evaluate the Stokes multipliers
{.ci+}, or at least the multipliers ,¢;o and ,c; of the dominant and first sub-
dominant solutions. To accomplish this we utilize* a formula of Stokes.
By an ingenious method Stokes showedt that a power series whose terms
are of the type

IIre+a+1) p=s—r>0,

X = ':l x', where <ay, b, real,
ITre+s:+1) G —1,—2,—3, -,
=1

can be asymptotically summed for real positive x by the formula

fd erx

> X

1= ’
i | x2(2mx) w—vr2u112|

where

aEEb;— Ed.‘,
i T
x =] x|,

and the notation y =% means lim, .. (y/«#)=1.
If we denote by f;(£) the series on the right side of equation (5) for m =0,
so that

yi(t) = ajo ErI7f;(§),

we see that f;(£) is directly amenable to the application of Stokes’ formula
with x=(¢/xn)". The result

* For the suggestion of this fundamental idea, as well as for other helpful advice, the author is
indebted to Professor R. E. Langer.

t Note on the determination of arbitrary constants, etc., Proceedings of the Cambridge Philosophi-
cal Society, vol. 6 (1889), p. 362. The formula can also be found in Bromwich, 4~ Introduction to the
Theory of Infinite Series, London, 1926, Chapter XII, §112.
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( £ )—(ni+»'ﬁ)/p
n

is then valid for x real and positive, that is, for £ on Ly, ¢=0, +1, +2, -

elél

fi® £W

+Q/2.
After eliminating the absolute value signs by means of the identity
Sa
a| = = p—27iaq/hfa
I E I eia arg § ! f

on L,,, we obtain

evt
) yilt) & vi—— polp

on L,,, where

KkjpnilreC@rid/n) (nitsf)/p

(27r)3n1/2—'ﬂ/ ?

Vi =
and

w = e—2ti/n.

We shall now make the result (9) from Stokes’ formula yield us the multi-
pliers .c;o and .c;.

First, we show that in any region S, which abuts on a ray Ls,, the multi-
plier ,c;o of the dominant solution is the constant ,v; just found. The result (9)
may be written

%

yi = qvi ——{1+e®)},

E'ﬂ/ P

where €(£)—0 as £— on L,,. Since Ly, is in S, the asymptotic formulas (7)

are valid:
w1 et BQ)
yi=’§,c,k$ﬁ,p{1+ : }

for |£| = N; here E(£) is a generic notation for functions of £, bounded for
all £. Equating these expressions, and noting that wy=w? in S., we obtain

n—1 E
fCio{l + g} - ai{l +e«®} | =2 fwke“’““"of{l + —;9}

k=1

Since on L,
R(wt — wot) = k| E], m <0, k0,
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it follows, on letting £—>o on L,,, that
€0 = gYj.

We have thus determined the multipliers of the dominant solutions in all
the regions S..

Next, we observe that for two regions S, and Sy, which abut along a
ray Ly,—1, —Q <2¢—1<(Q, the values for w; and w, simply interchange as we
cross Ly, y:

wo of qu = W of qu—l = w?,

w; of qu = wy of qu_1 = i1,

We are then able to prove that the multiplier of the first sub-dominant solu-
tion on one side of Ls,—; is the same as the multiplier of the dominant solution
on the other side of Ls,—;, and this latter we know. Equating

n—1 n—1
Yi= E 2¢-1Cjk 2¢-1Yk = E 2¢Cik 29k,
k=0 k=0

and utilizing the asymptotic formulas (7), which are valid on L., for
{20-19+} and {29}, we obtain as before

28] i 2]
+ equ_urle{2q—lcil [1 + -E—f—)'] - zqcio[l + "?]} |—> 0

as £&—o0 on Ly,_;. Now
R(w% — 0o') =0
on Ls,;, and therefore
W% — Wl = ik £],
where % is real and not zero. But if
A() + eMEIBE) -0
as £— and

A€ —4, BB,

then
A =0and B =0.
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Hence
2¢—1€j0 = 241 and g24-1Cj1 = 24Cj0.

The results of this section for a region S, are summarized in the following
table:

T wo w1 €50 €1
(10) 2q w? w! Vi ¢—17j
2¢+1 w? wt! Vi e+17 i

At this stage the asymptotic description of our special case is available.
Instead of pausing for this now, however, we shall proceed to attack the
general case on the basis of the results now at hand. After the treatment of
the general case has been completed, results for the special case, if desired,
can obviously be obtained by specialization.

CHAPTER III. A RELATED EQUATION

5. The auxiliary variable £. Although the solutions discussed in this
paper are known to be single-valued in z and p from the general existence
theorem, our asymptotic formulas involve quantities multi-valued* in z and p,
and for this reason we introduce cuts in the z- and p-planes.

The function ¢(z)=2"¢1(z), in general not single-valued,} can be made
so with the aid of a cut in the z-plane from the origin to the boundary of R..
The most convenient location of this cut will be specified later. Suppose
tentatively some such cut, say that associated with the inequality

—r<arggs = .

With this convention the integral

(11) o) = [ o(e)ds
0

* It is the essential multi-valuedness of these quantities that gives birth to the Stokes phe-
nomenon when »>0: Although one selects a definite branch of the multi-valued function, this
eventually leads into another branch, and a change of coefficient becomes necessary to compensate
for the change in the function. When »=0, the quantities are single-valued, and there is no Stokes
phenomenon.

t For any given equation ¢:(z) may be chosen as an analytic function in # different ways, since
only ¢ (2) enters the equation through hypothesis (iii). It is assumed that a definite choice is now
made, and adhered to henceforth. If » divides », ¢(2) is then single-valued, but we make the cut
nevertheless.
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becomes single-valued and independent of path. It is evidently of the form
®(z) = z7/"Py(2),
where ®,(z) is analytic in R, and ®,(0) 0. The following hypothesis is indis~
pensable:
(iv) ®:(2)#0 in R,.

We now continuously deform the cut in the z-plane into the curve
arg &(z) = z— T
(2

the latter is continuous with continuously turning tangent and does not cross
itself. The correspondence between points ® and z established by equation
(11) can now be made one-to-one by using in the ®-plane a Riemann surface
with branch point at the origin, in the form of a sector of central angle

2wp/n:

SN

—--?—1r<a.rgCI>§
n

The mapping of the z-plane on the ®-plane is then conformal except at the
origin, where angles are multiplied by p/=.

From the p-plane we delete a small circle about the origin and then cut
it along a ray:*

(12) lpl=2h>0, —r<argp=n.

As in Langer’s work on the second-order case, we find that the key to the
problem of stating in the simplest way the asymptotic formulas and their
validity lies in the consideration of an auxiliary variable £, where we define

(13) E=p2(2).

The ®-plane is thus mapped on the {-plane by a simple magnification and
rotation of amount determined by p.

In order to transform the f-equation into a related equation of the same
type as the given equation, we now identify this auxiliary variable £ with the
variable ¢ already introduced in §3 in connection with the ¢-equation. With
the following definition of the number Q of (4):

0, v even,

=2
¢ ”+”+{1, v odd,

* The region (12) does not include the point p= .
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we see that we have achieved a construction by which, in accordance with
equation (11) and (13), there corresponds to any pair of points respectively
in R, and the p-plane a single point in the £-surface. At the same time we
have rendered single-valued the quantities p™», £/ and #8/», which enter
into our asymptotic formulas.

6. Transformation of {-equation into related equation. Suppose we de-
fine v(z, p) from the equation

y(@) = ¥4(2)1(z, p),

where y(¢) is any solution of the ¢-equation, and the variables ¢ and z are con-
nected by equations (3) and (13). We shall prove that with proper definition
of ¥(z), the function v(z, p) satisfies a related equation in R,.

We define

$(2)

(19 o) =

Since arg ® is single-valued on the ®-surface, ¢(z) is single-valued in R,.
The apparent singularity at z=0 is removed by the otherwise equivalent
expression

#1(2)
®rir)

which shows that ¥(2) and also ¥~(z) are analytic in R,. Furthermore, since
¥(z) is bounded from zero in R,, it is possible to make a single-valued deter-
mination of ¥#(z) even when 8=(r—1)/2 is not integral, and this will be
analytic in R..

Successive differentiations* of the above equation yield

¥(z) =

myv|p m
s) y @) = moir (L) 0 3 g6, ),

where gn.;(z) is a polynomial in y~1; ¢/, ', - - - [ Y™ for m=n, and is con-
sequently analytic in R.; in particular,

gmm(z) = ¢—m(z)’
gmm(2) = 1;’— (n — my=m1 @Y ().

Substituting in the f-equation, we obtain the related equation
* The differentiations indicated by the superscripts are with respect to ¢ on the left side of the
equations and z on the right side.
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(16) ‘()(”)(Z, P) + 0 + g2(z)v(n—2)(z’ P) + A + {gn(z) - P”d’"(z)}‘”(zy P) = 0’

where
gi(2) = ¥"(2)gni(2)

is analytic in R..

The linear system (15), m=0, 1, - - - , n—1, can be inverted,
m n jy/p,\ )
an 2 (s, B) = ¥H(2) 3 pwv(;) Emi®)y2(0),
=0

the coefficients g.;(z) being analytic in R,, and in particular,
Emm(z) = ¥™(2).

Those solutions of the related equation which correspond to y(¢) =,7(t)
we shall denote by

k(z, p) = ¥78(2) (D).

Since ,y&? (¢) is analytic in

nlp
= pn/pz{_P_ ‘I’x(z)} ,
n

it follows from (17) that ,9,™ (g, p) is an analytic function of z in R, and of p
in the region (12).

In the next chapter we shall need the asymptotic formulas
E(z, p)}

pn/p

mv/p
8 ) = ot (2) {5 +
for | £| <NV, and

%3
evk {1+ﬂg)_+E(z,p)}
EV(ﬁ—m)/p £ pnlp

for £in S, and | £| = N. Here as elsewhere in this paper the symbol E denotes
a function of the indicated variables bounded for all values of those variables.
The first of the formulas follows immediately from equation (17) and the
fact that ,yi? (¢), being a linear combination of o,;(¢) (see (5) et seq.) with
constant coefficients, is bounded for |£| <N. The second follows from (17)
together with the asymptotic expressions (7).

(19)  Ti™(z, p) = pm /Py F(z)

CHAPTER IV. COMPARISON OF SOLUTIONS

7. An equivalent integral equation. In this chapter we shall compare
certain solutions of the given and related equations by an appropriate
modification of a method of Birkhoff.*

* On the asymptotic character, etc., loc. cit., especially p. 226 fi.
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Since the index 7 is fixed for the course of the chapter, we shall drop it
from the symbols {,v4™ (3, p)}. If {w;(z, p)} are defined from the equations*

n—1
2= 9™ (2, p)wi(z, p) = dmnt (m=0,1,---,n—1),
=0

it is easily seen that they are analytic functions of z in R, and of p in (12).
An integral equation equivalent to the given equation (1) is

20)  u(z, ) = X cibilz o) + f '{"Z_:z-,(z, Pt p)}L[u(s”, o))dr,

=0 7=0
where
LG, 9] = Tlgnei©) = o)}, 9,

and {c;} is a set of arbitrary constants (i.e., functions of p alone). If we
contemplate only solutions of (20) analytic in R., the path of integration is
evidently immaterial as long as it lies in R,.

If the set {c;} is fixed, the existence and uniqueness of the solution of
(20) which is analytic in z over R, follow from the fundamental existence
theorem applied to (1); for the solution of (20) is identical with that solution
of (1) which obeys the boundary conditions

n—1
(21) u(m)(O, p) = Z C,‘-{),'("')(O, p) (m = 0’ 1’ T, n— 1)~
=0

This solution and its derivatives are analytic in p if the constants {¢;} are.

For the purpose of showing that to each solution (2, p) of the related
equation there corresponds a solution #.(z, p) of the given equation of a
certain type, the integral in equation (20) is not yet in tractable form. A
suitable form of the integral equation for a definite % is

n—1 z k
W) = S i)+ [ { e, huie, ) Llute, e

(22) z n—1
3,(z, (¢, u(¢, d¢,
+f0 {’_Zk f(z P wi(§ p)}L[ . p)ldg

where Z is a fixed point of R.; and this results from the following transfor-
mation of the constants:

* 5 is the “Kronecker 8.”
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z
ci=cil _f w:’(ﬁ', p)L[u(g',p)]df (]'=0; 1)"' 7k)7

ci=cf G=k+1,---,n—-1).

The solution*® (2, p) is now defined to be the solution of (22) for {c] =8;:}.
One would like to establish, for certain “admitted values” of arg p and
|p| >p1, the existence and uniqueness of this solution, together with its
analyticity in p, after which it is easy to derive its asymptotic form. It is
prerequisite, however, to inquire into the nature of suitable curves of inte-
gration and the existence of certain bounds. It is therefore convenient to
conclude this section with a lemma to whose proof we can return after de-
veloping the necessary machinery.

From (21) we see that the solution of (20) determined by the set {c;} is

Wz p) = 3 iUz 9),

=0
where {U;(z, p)} are the solutions of (1) with the boundary values
Ui(m)(or P) = %i(m)(o; P) (m = Oy 1’ e, N 1)°

Hence

n—1
(23) ¢f = IZ vilp)er.

=0
The coefficients v;(p) of this transformation are analytic in p, since the
boundary values {5 (0, p)}, and therefore the solutions {U;(3, p)}, and,
as we have seen, the functions {w;(z, p)}, all have this property.

If the following lemma is true, then, for admitted values of arg p and
| p| >p1, a unique set {c;} analytic in p will correspond to the set {c; =5;:},
and consequently by the statements associated with equation (21), we shall
have established the existence, uniqueness, and analyticity of #(z, p) for
such p.

LemMA. There exists a number p, such that, for |p| > p1 and admitted values
of arg p, the determinant | (vi(p))| of the system (23) can have no zero.

8. Curves I', regions 7, and configurations C. The quantity arg p now as-
sumes critical significance, and it will simplify the notation to denote it by a
single symbol A,

A = arg p.

* This solution is evidently a function of Z and r; we shall, however, drop these prescripts from
the more precise notation ,, ,%(2, p) until we reach the existence theorem at the end of the chapter.



142 HENRY SCHEFFE [July

By a rotation about the origin through an angle —A, the complex of rays L,
and sectors S, of the £-surface is mapped back on the ®-surface, where we
designate it by (cf. §3)

L.(\): arg ® =6, — A =0,(0\),
and
S,(\): 0,.1(\) < arg ® < 6,(\).

Suppose we call the map of R. on the ®-surface Ry. With such parts of the
complex of rays L.(\) and regions S,(\) as fall outside Ry, we shall not be
concerned.

Let Z be a fixed point of R., not the origin. The corresponding point
®(Z) in R, then lies in some region S,(\), where the subscript 7 is a step
function of . The following definitions are framed relative to some definite
value of 7.

A curve Tz .(\) is defined to have the following properties:

[1] It is an ordinary curve connecting O and Z,.lying in the cut region R..

A curve is here called ordinary if it is continuous and has a unique tangent
everywhere except possibly at a finite number of points where there exist
two tangents, one for each sense of approach. A positive sense of traversal
of the curve can be established; we take this to be from 0 to Z. Now con-
sider the map of I'z.(\) on Ry. Let t be a unit vector directed along the
tangent in the positive sense:

[2] At every point* on the curve

0.1(Q\) < argt < 6,(0\)

for some determination of arg t.

In order to see the significance of property [2], suppose z, and zs are two
points on a T-curve. To signify that the curve is traversed in the positive
sense in passing from z. to zs we shall write

Za < 2.
Let
£ = p(z) G=qaB).
The property [2] insures that if 2. <z,
(24)  Rlwolts — £)] 2 Rlon(ts — &)] 2 - - - = Rlwna(ts — )]

* At an exceptional point both values of t must satisfy [2].
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For n =2, the property [2] can be replaced* by the less stringent
6,.—1(\) < arg t < 0,..(0), T even,

0,—o(\) < arg t = 6-(\), T 0dd;

(2]

together with

[3] The map in Ry of Tz..(N) lies entirely in S.(N);
and

[4] There exists a number G, independent of Z, T, N, such that the length of
all curves T'z,.(\) is <G. )

The properties [3] and [4] are implied by [2].

A region rz,.(\) in R, is defined to be a simply connected region containing
0 and Z, every point of which lies on some curve Tz .(N).

Although L.(\) and S.(\) are originally constructed on Rs, and I'z,.(\)
and rz.(\) on R,, no confusion will result from designating the curve or region
and its map on the other surface by the same symbol.

Evidently 7z ,(\) lies completely in S.(\).

The method of comparison employed is valid for a region of the type
rz,-(\). It is hence important to secure that, for each N under consideration,
every point of R, lies in some 7z,.(\). Since it may be possible to accomplish
this for the desired R, only for a range of A more restricted than (12), we shall
refer to admitted values of \. Necessary and sufficient is hypothesis

(v) For each admitied value of N\=arg p, every point 20 in R, can be con-
nected to the origin by a curve T', .(N).

The condition is necessary; for, if z lies in some 7z .(\), it lies on some
curve I'z,-(\). The portion of the curve between 0 and z will serve as I, .(\).
On the other hand, suppose z lies on I, .(\). Take Z=z; then z lies in an
rz.-(\) consisting at least of this curve. Thus, the condition is also sufficient.

A configuration Csz,. consists, for fixed Z, 7, of all pairs of values (z, p) such
that for each admitted N=arg p the corresponding z lies in rz .(\).

To clarify the nature of a configuration Cz,., suppose N\ is an admitted
value of N\, and Z any point of R, not 0, henceforth held fixed. By the above
hypothesis ®(Z) lies on some curve I'z,.(\o). If #>2 the region 7z,.(\,) as
seen on Ry will then consist at most of the parallelogram with vertices at 0
and ®(Z) and a pair of sides along L,_;(\o), L,(Xo). This maximum extent of

* The anomaly of the second-order case is related to the following simple geometrical problem:
A circle and a straight line lie in the same plane. The circle is divided into # equal parts by the points
@0, @1, * * * , @n1. These are projected orthogonally into the points ao, a1, * * + , as—1 on the line.
What is the maximum range of rotation of the circle about its center under the condition that no two
points a;, ax are allowed to cross each other? The answer is 7/n for n>2, but 2x/x for n=2.
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rz,-(No) will be possible if and only if the boundary of Ry does not cut across
the parallelogram. The minimum extent of rz,.(\) will be the curve I'z..(\o);
in any case it lies entirely inside the closed region bounded by the parallelo-
gram. All the pairs (z, p) for which z lies in 7z .(\o) and arg p =X\, will form a
subset Cz,.(\o) of Cz... If we now permit \ to vary from X, the bounding
parallelogram changes shape, the vertices 0, $(Z) remaining fixed, as well as
the angles, but the sides rotating with the complex of rays L,(\). There will
evidently exist an interval \;, \;+ /% in which the parallelogram varies
between limiting positions in the form of the line segment from 0 to ®(2),
and beyond which X\ can not vary without changing the 7 of our definitions.
For each admitted X in the interval, the above discussion for A =X\, is valid
and a subset Cz,,(\) of Cz, is generated. The sum of the subsets Cz,.(\) for
all admitted N in the interval is identical with Cz ..

The bounding parallelogram maps conformally on R, except at the origin
where the angle m/# between the sides maps into an angle 7/p between the
corresponding curvilinear segments.

Because of the rotational symmetry about the origin, of the definitions
with respect to integral multiples of the angle 7/n, it follows that if A is an
admitted value, all values A=\, (mod w/#) in the interval (12) are also
admissible. In particular, if the whole interval A, \;+7/# is admitted, all of
(12) is admissible. In this case Ry is characterized by the property that no
ray from the origin re-enters Ry after once leaving it. This follows from the
nature of the limiting positions of the bounding parallelograms.

If we define the curves I' from the property [2] in the case n=2, the
above discussion applies. If, however, we use [2'], [3], [4], the shape of the
regions 7z,.(\) is much more general. The implications of [1], [3], [4] are
evident; [2’] implies the following characteristic: A region 7z,.(\) has in
common with any parallel to L;(\) at most one segment (possibly a point).
The modulus of congruence of the admitted values of X then becomes = in-
stead of 7/n. However, the shape of an R valid for all X in (12) is of the
same type as above.

9. Calculation of bounds. Because the solutions are of two distinctly
different types according as | £| <N or |£| =N, we find it useful to define a
function s as follows:

B {0, l¢| < W,
T, ez a
Write

mn/pow;f

(25) 9™ (z, p) = m%im(z; p) (j,m=20,1,---,n—1).
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From the formulas (18) and (19) we have for p in (12) and £ in S,,
| %;m(z, p)I < M,.
Again, if we write

Al(z’ P)

(26) wi(z, p) = 2ﬂn/p£:l'ﬂ/pew €

we see that the {#;(z, p)} are determined from the equations

n—1

Z ﬁi"‘(z) p)‘fb,-(z, P) = 6m,n—l (m = O, 1, trr g, — 1).

=0

By solving (25) for the element %;x(2, p) and utilizing the formula (19), the
determinant A(z, p) of this system is obtained in the form

E() | E(z )
A o) =| (m ] +—+—7
pn'?
for |£| =N and £ in S.. The well known matrix (w;), 7,m=0,1, - - -, n—1,

cannot have a zero determinant, and hence, after possibly necessary readjust-
ment of the constant NV to a larger value, the determinant A(z, p) is bounded
from zero for ] p| >some pg, £ in S,, and |$| = N. A similar result can be
obtained for |£| <N, since, by (18),

vnBlp
A@m>=(§) W[waﬂ+-(“”

Here W is the Wronskian of the solutions {.7;(¢)}, and since these satisfy an
equation in normal form, W =constant, and since they are independent,
W 0. We thus conclude for Ip| >ps, and £in S,
(27) | 9im(z, )| < M, | %iz,0)| < M.

Finally, if we write

p(m=28) I pgwi (=)

k
Z 1’;,‘"‘)(2, P)wi(f, p) = —= Akm(z, ¢ P)

=0 EsV(ﬁ—m)/pgsv(B—m)lp
(28) = F,,,,,(z, $ p)A km(Z, $ P),
n—1
Z ;0 (z, p)wi(§, p) = Fim(2, ¢, p)Bin(z, ¢, p),
j=kt1

where it is now necessary to distinguish between £=p®(z) and £=p®(¢),
likewise s=f(£) and 5=f(¥), we can prove that the functions A» and Bim
are bounded in the following manner for |p| >p; and £, £in S,:
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29) | dem(z, 8, 0)| < T, ng’f‘r%z,
| Bin(z, 6, 00| < T, 02¢2:22,
where T is independent of Z. From (25), (26), (27),
| 5, (3, p)wi(s, p) | <|Fim(z, ¢, 0) | M2.
But from (24) we know
| Fin(z, &, 0)| < | Fan(z, £, 0) |

with the restriction

o o
IIA) IIA)
IIA) 1IA)
n ey
IIA) 1IA)
N N

(i=0)1)""k)’
k41, ,n—1).

oy W

G
Combining these inequalities with (28), we have (29).

We are now equipped with the necessary bounds to prove our lemma. It
is convenient, however, first to write the equation (22) and those resulting
from differentiation of (22) in a form exhibiting the functions {2.(z, p)}
which are defined from

p"‘”/P'e“’kE

(m) = — .
(30) u(™(z, p) g G—m) /> An(2, 0);

namely, with m=0,1, - - - ,n—1,

Bn(z, p) = ”Elcfe‘”i‘“*)‘%m(z, p) + f 'Akm(z; ¢, p)L[u, 0)]d¢

(31) =0 g
+ [ Bunts, 5, LG5, 9)1at,

where '

A _ n_2 {gn—i(g-) - Pn—-i(g‘) }a,(f, P)
LluG, 0] =2 o™ (36— ) | Fov 261 [ 7 '

7=0

10. Proof of lemma; existence theorem. We now specify the path of inte-
gration to be a curve I'z,.(\) whenever A is an admitted value. Suppose for
some p with admitted \ the determinant |(y;(0))| has a zero. Then with
{c/} all zero, a set {c;} not all zero can be found to satisfy (23). That is,
for this p there exists a solution #(z, p)#0 of the equation (22) with {c/ }
all zero.

Let U(p) =0 be the maximum of |#m(z, p)|, m=0, 1, - - -, —1, in the
region rz,.(\). Since the coefficients g:(z) and $:(z) are analytic in the closed
region R,,
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lgl(Z)'—ﬁl(Z)l<D (l=2’3"";”);
and hence from (31),*

Ule)

| #n(z, p)| < (# — 1)-T-D-G-———
Tol»r

But for some m =m,(p) and some z=2(p),
n—1
. Up) < | n(z, p)|.

Combining the last two inequalities, we see our lemmais verified with
pr= {n-T-D-G}»,
With the machinery constructed to prove the lemma, we can easily de-
rive the asymptotic forms of {#™(z, p)} for (z, p) in the configuration Cs.,.

If the constants {c/} of (22) are specified to be {3;}, the solution u(z, p)
becomes identical with (2, p),

u™(z, p) = ul™(z, p).

With a definition of U(p) analogous to the previous, we obtain from (31),
for admitted A,

U(p)

| Bz, p) | <M + (n — 1)-T-D-G- 77—
Iplnlp

and, as before, the left side may be replaced for some z, m by (r—1)U(p)/n.
Hence
2n
Up) < —M
n—1
for
[ o] > po = 2¢/7p,.

We conclude now from (31) that, for | p| > p,

2n-M-T-D-G

, ﬂm(z, P) - 6];»:(2, P)l <
||

On noting that this bound and p, are independent of Z, we are led to

* Note 28—j21 if j<n—2; also recall the property [4] that G is a bound for the length of all
T-curves.
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TrEOREM 1. Corresponding to any configuration Cz , there exist n solutions
{z.-a1(z, p)} of the given equation, which, for (z, p) in Cz,. and |p| > ps, are
analytic in p and satisfy the relations

(32) Z,‘rﬁk<m)(z) P) = 1516('")(2; p) + P(m—l)n/pE(z: P) (k’ m = 07 1; o, P 1)

when | £| <N, and

ekt {I_I_E(E) E(z, p)}

$V(ﬁ—m)/p E + pnlp

when |t| = N. Here the E-functions are bounded uniformly for all configura-
tions Cz ..

(33)  z.8™(z, p) = p™/Pui™P™H(2)

The independence of these solutions is evident from their forms (33).

CHAPTER V. BOUNDARY VALUE PROBLEM AT THE ZERO
11. Forms for the solutions principal at the zero. The solutions {«;(z, p) }

of the given equation, analytic in z and p, which satisfy the boundary condi-
tions

%™ (0, p) = djm Gym=0,1,--+ ,n—1),

constitute the set we call principal at the origin. These must be linear combi-
nations of the solutions described in Theorem 1,

n—1
(39) ui(z, p) = 2 2.Bix(p) 2.4z, p).
k=0
In order to derive the form of z,.8;:(p) for admitted N=arg p and |p| > po,
let us hold Z, = fixed until further notice. Meanwhile, we shall drop these
subscripts wherever they occur.
For |£| <N, (2, p) in the configuration C, and | p| > po, we have from (32)

E(z, p)} ’

pnlp

n—l1

W™, p) = (s, ) 2 B(p) { ) +
k=0

where

n mv/[p
ol ) = oy 2) ()
Since {y;} and {#:} are each sets of # independent solutions, the system (8)
can be inverted,

yk: tklyl (k=0)1)"')n_1)’
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where

n—l1

D Cikbr = dj1.

k=0
Consequently

n-l n—1 E )
(35) %™ (z, p) = fm(z, P)E Bik(p) {[ Zaklyl(M)] + - p)} .

pﬂ/P

k=0 1=0

Now let 2=0; then £=0, y™ =§;», and thus

n—1 E
Oim = fm(O: P)Z Bix(p) {3km + (p)} .

=0 pn/p

This may be written
n—1 E( )
bim = 2{/:(0, P)Bix(0)} {m + 77—} '
k=0

Compare with this the system

n—1

51'"' = Z X ikCrm (m = 0: 1’ Tt

k=0
whose solutions are evidently
Xik = Cik-
It follows that a system
= E(p)
8im = 2 xir(p) {3km + }

k=0 pnlp

has solutions

E
Xit = cix + (7) ;
p"'?
and hence
1 E(p)
(36) Bix(p) = 70, p){cik-l- p"/p}-

149

n—1),

Substitution of this value in (35) and interchange of the order of summation

yields the equation
(3, n—1 n—1 E 2, )
ui™(z, p) = I p){[ PIET DD Cik??kt] + 0 },

fi0, p) =0 k=0 p"'?

or
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(2, p) E(z, p)}
fi(Oy p) nlp '

If we now resume the subscripts Z, 7, we find that in the last equation
they apply only to the E-function. But we were careful to note that the
E-functions of Theorem 1 were uniformly bounded for all Z, 7. Consequently
the present E-function inherits the same property, that is, it is bounded
uniformly for all (z, p) for which z is in R, | p| >po, X is an admitted value,
and |£| <N. On this result we base

ui<m) (Z, P) =

{30 +

THEOREM 2. For admitted values of arg p, | p| > po, and z in R,, the solutions
of the given equation principal at the origin, {u™ (0, p) =8;m, j, m=0,1, - - -,
n—1}, have the form

BN w™( p) = ptr P pinmi

YA (s ){ E(z, p)}
¥i4(0)
when |E| <N. The series o;n(£) and constants x; are defined by equations (5)
et seq.

In unabbreviated notation, equation.(36) becomes

P‘in/p<£>”/p E( )
4 P
z.fﬁjk(P) = —W{wik + _p;/—"} )

where the E-function is uniformly bounded for all Z, r Takmg this and the
forms (33) into (34), we obtain

v/ m—_8 (e
;™ (z,p) = ptm=inlp (_p_)J ? Yy (z) Hinz, P)}
n YiB(0) g BE-mip

where

n—1 E E
Hnts, ) = Soren{on+ 22 + D20,

k=0 p/®

and, for admitted N and |p| >po, the E-functions are bounded uniformly
when £isin S, and || = N.

We recall that a region T, is bisected by the ray L, (see §3), but that in
both halves the number w, of the dominant solution has the same value w?
(see (10)). In T,

Rwit — wet) < k| E], h<0, k0

also, the multiplier of the dominant solution is the same in both halves of T',,
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namely, ;v;#0; hence with 1=2¢ or 2¢+1, depending on which half of T,
contains £,

E E(z,
+H in(3, p) = q'Yzwqmequ{l + ® + (e P)} .

£ pnl®

By a similar method we can treat the case when £ is in the sector Dg o1
between T, and T4,1; the results are contained in

THEOREM 3. When | £| = N, and for admitted values of arg p, | p| > po, and
2 in R,, the principal solutions of the given equation are of the form

E¢) E
(38)  #i™(z p) = ¥in(z, p){l + %"‘ sz/: )}

for £in Ty, and

E, E\(z,
(39) u; ™ (2, p) = ¥im(z, P){l + s(z) + . p)}

pnlp

+

+ q+1\I,im(Zy P){l + E;(E? Ez(z, P)}

p”/ p
for £ in Dy q41, where

p(m—:’)n/pK’.Pie(Zriq/n)[(niﬂﬂ)/p—MI ¢M~ﬁ(z) ew

(40) q‘I’im(Z; P) = ”1/2+y(j—ﬂ)/p(.27r)§ 'pj—ﬂ(o) .sy(ﬂ—m)/p.

12. Discussion of results. Two sectors T, and Ty, lie in the same posi-
tion but in adjacent sheets of the &-surface. The analytic expressions given
by Theorem 3 for ™ (3, p) differ for the two regions by a factor e?risi, where

_nj+vﬂ_2nj+v(n—l).
oy 20n+»)

a;

that is, the expression for £ in Ty, is €*~%i times that for £ in T',. This factor
may be regarded as a measure of the Stokes phenomenon.

We see that «; is independent of the region T, as well as the order m of
the derivative. Evidently e?ra will be unity, in other words, there will be
no Stokes phenomenon, if and only if @; is integral. Thus, if » =0, none of the
solutions will show a Stokes phenomenon. However, if » >0, not all the solu-
tions can lack it, since o; and a4, differ by #/p and hence the «,’s cannot all
be integers. In particular, for n =2 every principal solution manifests the
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phenomenon, but for any #>2 there are always some (v, 5) for which it fails
to appear.*
The results of Theorem 3 could have been expressed in the formt

ui™(z, p) = p(m-i)n/p<£>iy/p yriG)
(1) n ¥75(0)
1 = . E() | E(z )
.gv(ﬂ—m)/p é,—dﬂwl ¢ f{l + _E—— + pn/P }

for | £| = N, where the multiplier ,d;; depends on which region S, contains £.
The set {.d;;} is a permutation of the set {,c;;}, such that, if w,=w!in S,
then ,¢; =.d;. To see that this is entirely equivalent to Theorem 3, we need
only note that if £ is in T, the sum on the right of (41) may be replaced by
the dominant term, the other terms being absorbed into the corresponding
E(z, p), giving formula (38). If £ is in a D-sector, two terms must be kept as
in formula (39).

Consider one of the terms of (41) for fixed /. It is dominant in the regions
T,,, where ¢;=I(mod ). The sectors T',, are all in the same position but in
different sheets of the {-surface, and are bisected by the rays L,,,. The rays
L,, 1,=2l—n (mod 2z), leave the origin in the opposite direction. With
reference to the equation (41), the Stokes phenomenon could evidently be
described as follows: The value of the multiplier ,d;; need be changed only
when crossing a ray L,, and then by the factor ¢’*i. Instead of this par-
ticular ray, it would be equally compatible with our results to employ as
Stokes line any simple curve from 0 to « on the {-surface not lying in T,
and the adjacent D-sectors. However, this location of the Stokes lines is more
general than would be warranted if it were not for a certain insufficiency in
our results, which we now bring to attention.

Let u(z, p) be the solution of the given equation satisfying the boundary
conditions

u™(0, p) = hm(p) (m=0,1,---,n—1).
Then

n—1
u(m)(z, P) = Z hi(P)ui(m)(z) P)-
=0

*If n=2,v>0, then 0<e;<1,;=0,1.

If n>2, »>0, we have the following:
Case 1: n odd. For every » at least one «; is integral, namely, for j=(n—1)/2.
Case 2: n even, » odd. No «; can be integral, since oj=0dd/even.
Case 3: » even, » even. There may or may not exist integral «; for a definite ». However, for
v=n(n—2), ao and a,_; are integral.

t It is understood that the discussion in this section applies only to such p as have admitted
A=arg p and |p| > po.
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Using the forms of Theorem 3, we have for || =N and £in T,

n—1 Ej Ei ’
@) w60 = a5 he) B {1+ A+

i=0 £ p'®

where
Kkipietriailp

wilagi(0)

Bilp) = p=inl?

In order that the expression (42) be explicit to a factor

E E(z,
{1+ (£)+ (= p)}’
3 pni®
the following condition on the boundary values {%;(p)} is sufficient, and, in
the absence of further knowledge of the E;-functions, also necessary: The

quantities

(43)

p="'7hi(p)
n—1

> Bilp) lulp)

1=0

Lilp) = G=0,1,---,n—1)

are bounded. This follows from noting that the éxpression (42) is explicit to a
factor

1+ 2 £ile) +

=0

o {E;(z) E;(s, p)} ’

pn/p

where the E’s are constant multiples of the E’s. For such p as satisfy the
conditions, and |£| =N, 4 (z, p) then has the form

n—1
wmis, 9 = {eate,n S 1) B0} {1+ 22 + 222
i=0 3 pnl®
when £ is in T, while for £ in Dj; 341 the form is* the sum of two such expres-
sions written respectively for =g and g+1. From this it is easily seen that
our formulas are not explicit to a factor (43) in a region which is not zero-free
for u(™(z, p), m=0,1, - - - ,n—1.

This insufficiency of our formulas to describe the most general solution
bears on the freedom of locating the Stokes lines: The only time we would
need to know ,d;; outside a region T,, and the adjoining D-sectors would be
when we have such a combination of the principal solutions,

n—1 n—1
u™(z, p) = 32 ki)u™ (s, p) = 2 2.8u(p) z,5™ (3, p)
=0 k=0

* Providing 4C;(p) is bounded for ¢=g and g+1.
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that the dominant solution z,.%™ (2, p) fails to dominate the expression. But
this can happen only in a case not covered by our formulas because of a
lack of knowledge about the E-functions. If it were not for this lack, the loca-
tion of the Stokes lines would have to be more restricted; thus, for the f-equa-
tion it can be shown that the Stokes lines for .d;; must be taken to lie in those
regions of the £-surface which are reflections of T',, in the origin.

We shall conclude with some mention of how our results specialize. Con-
sider the case when »=0. We have already seen that there is then no Stokes
phenomenon. A great simplification of the results can now be made since it
is possible to assume |£| =N always, by taking N =0. The constant N was
introduced first in §3, where it can be taken as zero, since the series

(m)(t)_ mwké{l+£+£+...
Sk = wg € E £2

are now true solutions,*
T () = s ().

We again encounter it in §6, where we find formula (19) with E(£) =0 is valid
for all £. The comparison in Chapter IV can now be carried through with
N =0, and again the formula (33) of Theorem 1 works for all £ with E(£)=0.
The method of deriving the forms of the multipliers z,.8;x(p) in §11 is then
applicable without the assumption |£| <N. We can now dispense with
Theorem 2 and use Theorem 3 for all £ with V=0, noting that

E(§) = Ei(§) = Ea(8)) = 0,

and that the formula (40) now assumes the simple form

e2rig(7—m)/n ¢,m—ﬁ(z)
$(0)

Finally, a word about the case when the coefficient ¢"(z) is real on the
real axis, or real except for a constant imaginary factor. By the transfer of a
constant factor to the parameter p*, ¢:"(z) may be made real and positive on
the real axis. The cut in the z-plane can now be taken along the negative real
axis and need not be deformed. The positive and negative real axis map
respectively into the rays arg =0, p/»n 7. It follows that if one is interested
only in real z, all values (12) of arg p may be admitted.

ek,

¥im(z, p) = pm7

* Note £=¢; also p=n and ¢(2) = ¢(2).

UNIVERSITY OF WISCONSIN,
MabpisoN, Wis.



	MR1501867.pdf



